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SPARSITY:
What Is it Good For?

This part relies on the following two papers:

C M. EladSparse and Redundant Representation Modeting/hat Nex?, IEESignal Processing
Letters, Vol19, No.12, Page®22-928 Decembef012

C A.M. Bruckstein, D.Donohq and M. Eladi-rom Sparse Solutions of Systems of Equations to Sparse
Modeling of Signals and Imag&AM Review, V.1, No.1, Page84-81, February2009
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Good News
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Today, we havéhe
technology and
the knowhow to

effectively process

data
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What Processing?

What can we do for such signals?

Denoising; removal of noise from the data

Interpolation(inpainting) ¢ recovery of missing values

Predictiong extrapolating the data beyond the given domain
Compressiorg reduction of storage and transmission volumes
Inference(inverse problemsq recovery from corrupted measurements
Separatiorco NBF 1 Ay3 R2gy | RFEaGlF G2 Ada
Anomaly detectiorg discovering outliers in the data

Clusteringg gathering subsets of closely related instances within the data
Summarizing;, creating a brief version of the essence of the data

O O 0000000
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So, Here Is a Simple Question ‘

Why all This Is Possible

C Is it obvious that all these processing options should be possible?

C Consider the following data source:

IID Random Numbe v AT A T A N I
Generators (Tip) -@ {(Dm)m)m hoo }

Many of the processing tasks mentioned above are impossible for this data
C Is there something common to all the aberneentioned signals, that makes
u K Spfocassablé K
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Why? We Know The Answer(s)

Low Entropy
Low Dimensionality

High Redundancy

Inner Structure

Self Dependencies ig
Self Similarity 15
67
Manifold Structure 21
101

XD .
O~ s
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Data Models
| 4 6 A-d-Sf-8-§
chosen The low
The data we function dimensio.nal
operate on representaﬂon,or |
AOAYY 20l (

o "Q(U)

Note: This is not

the only way to

Impose structure

on datac this

approach is

known as the

GaeyiKSaAra Y2Z2RST €

Parameters that
govern the model
(to be learned)
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Processing Data Using Models ‘

Q: Wh)-s IS Possible

Processing signals
(denoise interpolate, predict, compress, infer,
separate, detect, clustesummarizeX 0

A:. Because of the structur
SISIVES L requires knowled gl RINISIES I TI=s

we need the modely "Q(U)halong with its
learned parameters
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Processing Data Using Models ‘

Examplel - Compression Example3 - Separation
Given a signal its compression is done by Given a noisy mixture of two
computing its representation: sugnalsg W W g each
» "Q(b) emerging from a different model,

separation is done by
Example? - Inference

. . | e JED o o o
Given a deteriorated version of a signal, _h
o 4@ q recoveringofrom wis done by 0
projectingwonto the modei a) "0 (L‘) )
o I Efo Ya iaso Q) y
— _h M= - - - Thegoodness of the separatiaa
This covers tasks such as denoising, dictated by the overlap between

AYUGSNLRZEFOGAYIS Ay the two models ]
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An Example PCALTHotelling
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nAll these data vectors reside
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Improving the Modet, Local Linearity ‘

We may assume
that around
every pointw,
Its nearest
neighbors
(ina ) forma
very low
dimensional
subspace

O0SKI@gA2NJ OFy 658

Sparse Modeling of Gragh i NHzOd dz2NBR 5F dF X FyR LYl 3S&d (5,
uv By: Michael Elad



Union of (Affine) Subspaces

All these data vectors
reside in aunion of L affine subspaces, Y,
(Uo9 of low dimensionsQ L 0

0K

|dentify the subspacey belongs to,
w N Y (MahalanobisDistance) and
- ® EL O

e
Fitting the model: finding"Era)
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Example: PCA Denoising ( @ Q)

The case of PCA/KLT:C The data vectotis projected onto the

o [ Ele o
BBe B C As the noise is
- = spread evenly in

space, onlyQ v

w HE'BD "Ew of it remains
"E'ED - effective
= denoising S —

The Case diloS

project to all the L subspaces, and choose the/
outcome that is closest ta(complexity i$ L)
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Sparsityy
AO0OQwo Q¢
w

Its columnsD O €

~

Lets Talk Abousparsity
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Sparsityc A Closer Look

v
AN @ o

Q «a

where® is sparse

(4 A)
e ———

Dimensionality Reduction

If||®] QL 0, this means that the
information carried by is¢QL 0,
thus giving effective compression

Geometric Form

Examplel c¢ntd 1tnmhQ pm
o Dim. reduction factor— p 1@

o # of subspaces(:TpﬁyT CHQ p w

This model leads to a much ricHgoSstructure,with (exponentially

many more subspaces and yet all are defined through the concise e
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Sparsityin Practice: Back to Denoising ‘

SparsityBased Model: PO o 1 Efeo o
e

I o AG Approximation by the THR algorithm:

I o v{ g Y{rg

RN

>

Findthe support (the SEEEESEBEEEE

subspacéhe signal SaEEEESEEEES
. [T T T T ]
belongsto) and project T
([T LTI TTITIT]
[ ] [T T T T T

This is known as SEsssEsEnEEm 8.

the Pursuit problem T Whatfw o
known to be NFHard SiiNEseaEEEE
SEEEEEEEEaAE
T T ITITT
SOEEEEEEEEAE
SEEEEEEEEnEs

the signals of

SessssEsssss interest
SEESEERESEEN) _ PR
oy 3 17

N
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To Summarize So Far

Processing data enabled
by an appropriate
modeling that exposes its

Inner structure

Broadly speaking, an
effective way to
model data is via

sparse representation

This leads to a rich

Note: Our | |

motivation is ang hlghbll Ietljfe_Ctlve

TR SRUE DRI Wit
LINEZ OS a € to adopt this P

concept for non
conventional data
structure- graph
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Why Graphs? Why In This Event?

C Fascinating and of Broad IntereMtodeling grapkstructured
data isfascinating andttracts a lot of attention recently

C CollaborationThisproject is a joint work with Idan Ram
(PhD studentandlisrael Cohen (Prof.) from the Electrical

Engineeringlepartment inthe Technion

Israel
Cohen
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Processing

GRAPH

Structured Data

This part relies on the following two papers:

C L® wlkYXZ ad 9fFRI I yR IHL&SR 22KSFSE D SeyNS N/ & FA2I NOYRE =¢ NP9
Processing, vok9, no.9, pp.4199%4209 2011

C L® wltYZ ad 9fFRE YR L® /2KSYyX awSRdzyRIy G 2|
[ £ 2dzRa¢€> L999 { A 3Jy19iNo.5 pRAUSL&4aAMay?B12] SGTGSNER X +2f
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Problem Formulation

C We are given a graph:

0o The'Q dOnode is characterized @ /I
by a U -dimen. feature vecto

Q
0 The'Q dnodehas a valuéQ
o The edge between th&® ¢Qand \
‘Q dOnodes carries the distance Ry

0 (wh ) for an arbitrary distance
measure) (th)
C Assumptioty | S8 RES AL
iImplies closeby values, i.e. __\9)

0 (whw)small- ['Q "Q|small

for almost every paif'@Q
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Different Ways to Look at This Data

N7 A4

C We start with a set ob -dimensional vector§ {@ B hu }N ) 2
These could be

ACSI (i dzNB LRAydGa 1 X:{(QFU)FBFU)}

ASet of coordinates for a poirtioud

u»

C A scalar function is defined on
these coordinates(B © ) 2
givingC  ['QHQ8 hQ |

C We may regard this dataset as

a set ofd samples taken from a high C [QHQFB HQ |

dimensional functioncj) 2° ) 2 —

C The assumption that small(@hw ) implies smal|'Q  "Q| for almost every
pair CAQimplies that the function behind the scen€z A & & N 3 dzf |
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Our Goal ‘

Sparse
C —) mm) (compact)
T e .« Representation

Why Wavelet?

C Wauvelet for regular piecavise smooth signals is a highly effective
Gsparsifyingl NI y & F 2 NI €

C We would like to imitate this for our data structure
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Wavelet for Graphg A Wonderful Idea ‘

L 6AAK ¢S ¢g2dAd R KI @S Kz
G5AFTFdzaA2Yy 2| @St ShGace
R. R. Coifman, and M. Maggia?006

is

GMultiscaleMethods for Data on Graphs and Irregular Multidimensid®iaii dzl &
M. Jansen, G. P. Nason, and B. W. Silvergig

G2 @St Sia SeCtalBNNIT LIBK oM TF 2 NB €
D. K. Hammond, and Pandergheynstand R. Gribonva2010Q

lalha e

oMultiscaleWavelets on Trees, Graphs and High Dimensional Data: Theory and
I LILIXE AOF GA2ya (2 {SYA {dz2LISNBDAASR [ S
M . Gavish and B. Nadler, and R. ®ifman 2010

/k G2 @St Si { KNA yD“pﬂoiﬁr@& 2 Vi QI GKANGR NI | (| ¢
D.Heinenand G .Plonka 2012
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http://www.math.duke.edu/~mauro/Papers/DiffusionWavelets.pdf
http://onlinelibrary.wiley.com/doi/10.1111/j.1467-9868.2008.00672.x/pdf
http://arxiv.org/pdf/0912.3848v1.pdf
http://www.wisdom.weizmann.ac.il/~nadler/Publications/wavelets_trees_p18.pdf
http://na.math.uni-goettingen.de/pdf/MR-denoising.pdf

The Main lde& Permutation

W QR NN Q0
« 7
(; I ; [ ] : ¢
R S T O N S SN Permutation using
Q000N Q W X={c Fo I8 Fo> }
; W N .
C: * i o

fo—m =)

Permutation 1D Wavelet
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Permutation Within the Pyramid

C In fact, we propose to perform different permutation in each resolution
level of the multiscale pyramid:

~

® QP P W QP P w

T ¢ >0 "T—5 ¢ > Q

C Naturally, these permutations will be applied reversely in the inverse

transform
C Thus, the difference between this and the plalb wavelet transform

applied onCare the additional permutations, thus preserving the
0 NJ v a heaNdvatunitarity, while also adapting to the input signal

Sparse Modeling of Gragh i NH4zOG dzZNER 5F G X FyR LYl 3Sa 5,4
uv By: Michael Elad



Permute to Obtain Maximal Regularity ‘

¢ Lets start withP, ¢ the permutation applied on the incomirdata
C Recallfor wavelet to be effectiveR,C should be mostt NBE ZE dzf I NJ

C However we may be dealing with corrupted signgle y 2 A ae % XU

C To our help comes the feature vectorsinwhich reflect on the order of the
signal valuegy,. Recall:

Smallb (wh ) implies smal|"daw) “dw)| for almost every paif @

C a{ AYLI Gcan de\dyre finding the shortest path that visits in each point
iIn X once: th@ravelingSalesmarProblem (TSP)

[ ET IQ( "acQ p)l » 5! oo )
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Traveling Salesman Problem (TSP)

) 2 Q Q" Q2 QN "QQ
@ @ @ @ _C; ) i ¢
: . ® i ' e °
(@) (%) S S T T N N N
® ©® . muwmnnunn
Wehandlethe TSRask by a  — . ! ' T
(and crude) approximation: e ! | oS
l ! \ l ' : \ >

o Initialize with a randomly chosen indgx
o Initialize the set of already chosen indicesqt)={j};
0 Repeatk=1:1:m-1times:
A Findx ¢ the nearest neighbor ta, (, such thatil q;
A Setq (k+1)={i};
0 Result: the set] holds the proposed ordering.
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